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Abstract
In this paper, we establish an equality between the analytic torsion
introduced by Dar[10] and the orbifold analytic torsion defined by Ma
[15] on a compact manifold with isolated conical singularities which in
addition has an orbifold structure. We assume the orbifold flat vector
bundle is an honest vector bundle, although the metric on the flat
bundle may not be flat.
1 Introduction
Let X be a closed Riemannian manifold and F be a flat real vector
bundle over X carrying the flat connection ∇F . As a geometric invariant,
the analytic torsion of X, was first introduced by Ray and Singer [18, 19]
in searching for an analytic interpretation of the combinatorially defined
Reidemeister torsion. The latter is the first topological invariant which is
not a homotopy invariant, introduced by Reidemeister [20] and Franz [11].
The Ray-Singer analytic torsion is a weighted linear combination of the
determinants of the Laplacian acting on the space of differential forms with
values in F , and depends on the the metrics on F and on the Riemannian
manifold. We explain this in greater detail. Let gTX be a Riemannian metric
on X and gF be an Euclidean metric on F . We denote by Ωi(X,F ) the space
of smooth i-forms on X with values in F , and set Ω(X,F ) = ⊕iΩ
i(X,F ).
The flat connection ∇F induces naturally a differential dF on Ω(X,F ). Let
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dF∗ be the (formal) adjoint operator of dF associated with gTX and gF . The
Laplacian operator ∆ := dF dF∗ + dF∗dF acts on Ω(X,F ) and preserves its
Z-grading. Let P be the orthogonal projection operator from Ω(X,F ) to
ker∆. Let e−t∆ be the heat semi-group operator of ∆.
Let Γ be the gamma function. The torsion zeta function is defined as
follows. For s ∈ C, ℜs > dimX2 ,
ζ(s) =
−1
Γ(s)
dimX∑
i=0
(−1)ii
∫ ∞
0
ts−1Tr
∣∣
Ωi(X,F )
[
e−t∆(1− P )
]
dt. (1.1)
By the standard elliptic theory and the asymptotic expansion of heat kernel,
ζ(s) extends to a meromorphic function of s ∈ C which is holomorphic at
s = 0. The Ray-Singer analytic torsion of X with coefficients in F is defined
as
T (X, gTX , gF ) = exp
{
1
2
∂ζ
∂s
(0)
}
. (1.2)
The celebrated Cheeger-Mu¨ller theorem [6, 16] establishes the Ray-Singer
conjecture. Namely, if gF is flat, i.e. (F,∇F ) is induced by an orthogonal
representation of the fundamental group of X, then the analytic torsion co-
incides with the classical Reidemeister torsion. There are various generaliza-
tions of this result. Mu¨ller [17] extended his result to the case of unimodular
representation, where only the metric induced on detF is required to be flat.
Bismut and Zhang [4] reformulated the above Cheeger-Mu¨ller theorem as an
equality between the Reidemeister and Ray-Singer metrics defined on the
determinant of cohomology, and proved an extension of it to arbitrary flat
vector bundles with arbitrary Euclidean metrics.
Based on the work of Goresky, MacPherson [12, 13] and Cheeger [7, 8, 9],
Dar [10] described a possible extension of the Cheeger-Mu¨ller theorem to
singular spaces. Assume now that X is a Riemannian manifold with isolated
conical singularities Σ and F be a flat bundle over X\Σ. Let Ωi0(X\Σ, F ) be
the space of smooth i-forms with values in F , compactly supported on X\Σ,
and set Ω0(X\Σ, F ) = ⊕iΩ
i
0(X\Σ, F ). Choose an ideal boundary condition
in the sense of Cheeger [7, 8], which corresponds to a closed extension of
the de Rham complex (Ω0(X\Σ, F ), d
F ) into a Hilbert complex. Let ∆c
be the Laplacian associated to the Hilbert complex, and e−t∆c be the heat
semi-group operator of ∆c.
Although the asymptotic expansion of the trace of the heat kernel of
e−t∆c can contain logarithmic terms [9], Dar [10] made a crucial observation
that after taking the weighted linear combination as in (1.1), the contribu-
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tion from the logarithmic term drops out. Thus, one can define the analytic
torsion Tc(X, g
TX , gF ) as in (1.2).
On the other hand, Ma [15] extended the Quillen metric to compact
complex orbifolds. In this setting, he established the anomaly formula and
calculated the behavior of the Quillen metric by orbifold immersions, which
generalized the corresponding results in [2] and [3].
We assume in addition that X carries an orbifold structure and the
relevant geometric data are all in the orbifold category. Following Ma [15],
one can define the orbifold torsion To(X, g
TX , gF ) in this real setting.
The main result of this paper is an equality between these two analytic
torsions on a special type of singular space, which are defined from the rather
distinct perspectives to the singularities.
Theorem 1.1 Let X be a compact manifold with isolated conical singular-
ities which has an orbifold structure and F be a flat real orbifold vector
bundle over X with trivial isotropic action on its fibers. For any (orbifold)
Riemannian metric gTX on X and (orbifold) Euclidean metric gF on F ,
one has
Tc(X, g
TX , gF ) = To(X, g
TX , gF ). (1.3)
The proof of Theorem 1.1 consists of the comparison of the two kinds of
cohomology and of the two heat kernels.
The isomorphism between the two kinds of cohomology can be estab-
lished by a straightforward calculation using the Mayer Vietoris sequence
and Cheeger’s result [7] on L2 cohomology.
The comparison of the two heat kernels is inspired by Cheeger’s approach
[6] to the Ray-Singer conjecture. Our basic observation is that Cheeger’s
constructions of the Green kernels on the annulus Am+1u,1 and the correspond-
ing estimates in [6, Section 6] can be used with little modification to establish
a Sobolev inequality on C(0,1](S
m/G), from which we get the estimate for
the heat kernel constructed from the point of view of conical singularities.
Combining this with the estimate for orbifold heat kernel [15] and applying
the Duhamel principle [6, (3.9)], we obtain an equality between these two
heat kernels outside the singularities.
The rest of this paper is organized as follows. In Section 2, we recall
the basic definitions of the two analytic torsions defined by Dar [10] and Ma
[15], respectively. Section 3 is devoted to a proof of Theorem 1.1.
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2 Two analytic torsions
In this section, we first recall the relevant facts about L2 cohomology and
Dar’s definition of analytic torsion [5] on a manifold with isolated conical
singularities. Then we introduce a real analogue of Ma’s analytic torsion
[15] which is originally defined on compact complex orbifolds.
2.1 The analytic torsion on a manifold with conical singu-
larities
Let N be a closed manifold carrying a Riemannian metric gTN . The
model cone C(N) over N is the space (0,+∞) × N carrying the conical
metric dr2 + r2gTN , where r denotes the radial coordinate. For u > 0, set
C(0,u)(N) = {(r, y) ∈ C(N) | 0 < r < u},
C(0,u](N) = {(r, y) ∈ C(N) | 0 < r ≤ u}.
(2.1)
Let X be a m+ 1 dimensional compact Riemannian manifold with iso-
lated conical singularities Σ. By this we mean that X\Σ is a smooth mani-
fold of dimension m+1 with a Riemannian metric gTX , and for p ∈ Σ, there
exists an open neighborhood Uu(p) (u > 0) in X and a closed Riemannian
manifold (Np, g
TNp) such that (Uu(p)\{p}, g
TX |Uu(p)\{p}) is isometric to the
cone (C(0,u)(Np), dr
2 + r2gTNp). For u > 0 small enough, set
C∗(0,u)(Np) = C(0,u)(Np) ∪ {p}, C
∗
(0,u](Np) = C(0,u](Np) ∪ {p}. (2.2)
Then Xu := X\
(
⊔p∈Σ C
∗
(0,u)(Np)
)
is a compact manifold with boundary,
X = Xu ∪ ( ⊔
p∈Σ
C∗(0,u](Np) ), (2.3)
where the union is along the boundary ⊔p∈Σ{u} ×Np.
Let F be a flat real vector bundle over X\Σ carrying the flat connection
∇F . Let Ωi0(X\Σ, F ) be the space of smooth i-forms with values in F ,
compactly supported on X\Σ, and set Ω0(X\Σ, F ) = ⊕iΩ
i
0(X\Σ, F ). Let
L2(Ωi(X\Σ, F )) be the Hilbert space which consists of square integrable
i-forms on X\Σ with values in F .
We recall the main features of the L2-cohomology of X with coefficients
in F . Let (Ω0(X\Σ, F ), d
F ) be the de Rham complex, where dF is the
4
differential induced from the flat connection ∇F in a natural way. Re-
call that an ideal boundary condition (cf. [8, Section 2], [5, p. 105]) for
the complex (Ω0(X\Σ, F ), d
F ) is a choice of closed extensions dFc,i of d
F
i in
L2(Ωi(X\Σ, F )) for 0 ≤ i ≤ m+ 1, such that
dFc,i(dom(d
F
c,i)) ⊂ dom(d
F
c,i+1), d
F
c,i+1 ◦ d
F
c,i = 0. (2.4)
We then get a Hilbert complex in the sense of Bru¨ning-Lesch [5, p. 90],
0→ dom(dFc,0)
dFc,0
−−→ · · ·
dFc,m
−−−→ dom(dFc.m+1)→ 0. (2.5)
Let δF denote the formal adjoint of dF , then the minimal and maximal
extensions of dF ,
dFmin := closure of d
F , dFmax := adjoint of the closure of δ
F ,
are examples of the ideal boundary conditions. A prior there may be several
distinct ideal boundary conditions.
We assume that
H
m
2 (Np, F |Np) = 0, p ∈ Σ. (2.6)
As shown in [8], in this case the ideal boundary condition is unique, i.e.,
dFmin,i = d
F
max,i , for 0 ≤ i ≤ m+ 1. (2.7)
We denote by (C, dm) the unique extension of (Ω0(X\Σ, F ), d
F ) into a Hilbert
complex as in (2.5). The L2-cohomology of X with coefficients in F is the
cohomology of the complex (C, dm),
H i(2)(X,F ) := ker dm,i/ im dm,i−1 , 0 ≤ i ≤ m+ 1. (2.8)
Let ∆c be the Laplacian associated to the Hilbert complex (C, dm),
∆c := d
F
minδ
F
min + δ
F
mind
F
min . (2.9)
We denote by ∆c,i the restriction of ∆c to C
i for 0 ≤ i ≤ m + 1. By the
L2-Hodge theorem [8, Section 1], one knows all the L2-cohomology groups
H i(2)(X,F ) are finite dimensional and the complex (C, dm) is Fredholm in
the sense of Bru¨ning-Lesch [5, p. 90]. Moreover, the canonical maps
ker∆c,i −→ H
i
(2)(X,F ), 0 ≤ i ≤ m+ 1. (2.10)
are isomorphisms (see also [5, Corollary 2.5]).
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Let e−t∆c,i be the heat semi-group operator of ∆c,i, and Kc,i(t, ·, ·) be
the heat kernel of e−t∆c,i . Let Pc,i be the orthogonal projection operator
from L2(Ωi(X\Σ, F )) to ker∆c,i. Set P
⊥
c,i = 1− Pc,i.
One defines the i-th torsion zeta function as follows.
ζc,i(s) :=
−1
Γ(s)
∫ ∞
0
ts−1Tr
[
e−t∆c,iP⊥c,i
]
dt. (2.11)
The asymptotic expansion of the trace of the heat kernel Kc,i(t, ·, ·) yields a
meromorphic extension of ζc,i(s) to the whole complex plane, and determines
its behavior near s = 0. In particular, it need not be regular at s = 0
because of the appearance of a logarithmic term [9, Theorem 2.1]. The
crucial observation made by Dar [10, Theorem 4.4] is that
Res
s=0
(m+1∑
i=0
(−1)ii · ζc,i(s)
)
= 0. (2.12)
Thus, the full torsion zeta function ζc(s) :=
∑m+1
i=0 (−1)
ii · ζc,i(s) is in-
deed holomorphic at s = 0. The analytic torsion Tc(X, g
TX , gF ) of X with
coefficients in F is defined as in (1.2) (cf. [10, p. 215]),
Tc(X, g
TX , gF ) = exp
{
1
2
∂ζc
∂s
(0)
}
. (2.13)
2.2 The analytic torsion on an orbifold
We refer to [14] for relevant definitions of orbifolds and to [15] for nota-
tions used here. In [14] orbifolds were called V-manifolds.
Let (X,U) be a compact orbifold endowed with a Riemannian metric
gTX . Let F be a flat real orbifold vector bundle over X equipped with the
flat connection ∇F and an Euclidean metric gF .
We denote by Ωi(X,F ) the space of smooth sections of Λi(T ∗X) ⊗ F
over X, and set Ω(X,F ) = ⊕iΩ
i(X,F ). The flat connection ∇F induces
naturally a differential dF on Ω(X,F ). Let H(X,F ) = ⊕dimXi=0 H
i(X,F ) be
the singular cohomology group of X with coefficients in F . The de Rham
theorem for orbifolds [14, p. 78] gives us a canonical isomorphism,
H i(Ω(X,F ), dF ) ≃ H i(X,F ), for 0 ≤ i ≤ dimX. (2.14)
Let 〈·, ·〉Λ(T ∗X)⊗F be the metric on Λ(T
∗X)⊗ F induced from gTX , gF ,
and dvX be the Riemannian volume form on X associated to g
TX . As in [15,
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(2.8)], one defines the L2-scalar product 〈·, ·〉 on Ω(X,F ), for s, s′ ∈ Ω(X,F ),
〈s, s′〉 :=
∫
X
〈s, s′〉Λ(T ∗X)⊗F (x)dvX(x). (2.15)
Let δFo be the (formal) adjoint operator of d
F with respect to (2.15). Set
∆o := d
F δFo + δ
F
o d
F . (2.16)
Then ∆o is a second order differential operator, which acts on Ω(X,F ) and
preserves its Z-grading, with σ2(∆o) = |ξ|
2 (ξ ∈ T ∗X).
Using the same proof as in [15, Proposition 2.2], one deduces the Hodge
decomposition.
Proposition 2.1 There is an L2-orthogonal direct sum decomposition,
Ωi(X,F ) = ker∆o,i ⊕ im d
F
i−1 ⊕ im δ
F
o,i+1, for 0 ≤ i ≤ dimX. (2.17)
From (2.14) and (2.17), one has the canonical identification
ker∆o,i ≃ H
i(X,F ), for 0 ≤ i ≤ dimX. (2.18)
Let Ko(t, ·, ·) be the heat kernel of the heat semigroup operator e
−t∆o
with respect to dvX .
Proposition 2.2 (cf. [15, Proposition 2.1]) For each U ∈ U , there exists a
smooth section Φj ∈ Γ(U˜ × U˜ ,pr
∗
1F˜ ⊗ pr
∗
2F˜ ) such that for every k > dimX,
x, y ∈ U , as t→ 0,
Ko(t, x, y) =
(4pit)−
dimX
2
|KFU |
∑
g∈GFU
k∑
j=0
e−
d˜
2
(gx˜,y˜)
4t g−1 Φj(gx˜, y˜) t
j
+O(tk−
dimX
2 ).
(2.19)
On {(x, y) ∈ X ×X | dX(x, y) > c > 0}, we have
∂αx ∂
β
yKo(t, x, y) = O(e
− c
2
4t ), as t→ 0. (2.20)
From (2.20), one has the following estimate for the pointwise norm of
Ko(t, ·, ·).
Corollary 2.3 Given T > 0, ε > 0 and n ∈ N, there exists a constant
K(T, ε, n) > 0 such that for x, y ∈ X with dX(x, y) > ε, and 0 < t ≤ T ,
‖Ko(t, x, y)‖ ≤ K(T, ε, n) t
n. (2.21)
The same estimates hold for dFxKo(t, x, y) and δ
F
o,yKo(t, x, y).
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Let Po be the orthogonal projection operator from Ω(X,F ) on ker∆o
with respect to the L2 scalar product. Set P⊥o = 1− Po.
For s ∈ C, ℜs > dimX2 , set
ζo(s) =
−1
Γ(s)
dimX∑
i=0
(−1)ii
∫ ∞
0
ts−1Tr
∣∣
Ωi(X,F )
[
e−t∆oP⊥o
]
dt. (2.22)
Using Proposition 2.2, ζo(s) extends to a meromorphic function of s ∈ C
which is holomorphic at s = 0. The orbifold analytic torsion of (X,U) with
coefficients in F is defined as in (1.2),
To(X, g
TX , gF ) = exp
{
1
2
∂ζo
∂s
(0)
}
. (2.23)
3 The equality between two torsions
In this section, we first prove a Sobolev inequality on the bounded cone
C(0,1](S
m/G). Then for an even dimensional manifold with isolated conical
singularities which carries an orbifold structure, we establish an isomorphism
between the L2 cohomology and the singular cohomology and an equality
between Kc(t, ·, ·) and Ko(t, ·, ·). As a corollary, we deduce our main result.
3.1 The Sobolev inequality on a bounded cone
Let N = Sm/G, the quotient space induced from a free action of a finite
group G on Sm, which is a closed orientable manifold. Fix a Riemannian
metric gTN on N . In this subsection, we establish the Sobolev inequality on
the bounded cone C(0,1](N) = {(r, y) ∈ C(N) | 0 < r ≤ 1}.
Let F be a flat real vector bundle over C(N) with the flat connection ∇F
and an Euclidean metric gF . By parallel transport along the radial geodesic
with respect to ∇F , one can identify F |{r}×N with F |{1}×N , and g
F |{r}×N
with gF |{1}×N . Let pi : C(N) −→ {1} × N given by (r, y) 7−→ (1, y). Then
we have the following identification
(F,∇F , gF ) = pi∗
(
F |{1}×N ,∇
F |{1}×N , gF |{1}×N
)
, (3.1)
and view (F |{1}×N ,∇
F |{1}×N , gF |{1}×N ) as a flat vector bundle over N by
identifying {1} ×N with N .
Let F ∗ be the dual bundle of F carrying the (dual) flat connection ∇F
∗
and the (dual) metric gF
∗
.
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Let Ωi(C(N), F ) and Ωi(C(N), F ∗) denote the spaces of smooth i-forms
on C(N) with values in F and F ∗ respectively. Set
Ω(C(N), F ) = ⊕m+1i=0 Ω
i(C(N), F ), Ω(C(N), F ∗) = ⊕m+1i=0 Ω
i(C(N), F ∗).
Let dF and dF
∗
be be the exterior differentials on Ω(C(N), F ) induced by
∇F and on Ω(C(N), F ∗) induced by ∇F
∗
respectively. We denote by δF the
formal adjoint of dF with respect to the natural L2 metric on Ω(C(N), F )
induced by gTN and gF . Set
∆ = dF δF + δF dF . (3.2)
We choose dr∧ rmdvN as the oriented volume form of C(N), where dvN
is the oriented volume form of N . Set
∗F : Ωi(C(N), F ) −→ Ωm+1−i(C(N), F ∗), β 7−→ 〈·, ∗β〉gF ,
where ∗ is the usual Hodge star operator. Then one has
δF |Ωi(C(N),F ) = (−1)
i(∗F )−1dF
∗
∗F . (3.3)
Let Ωi(N,F ) denote the space of smooth i-forms on N with values in
F |N . Set Ω(N,F ) = ⊕
m
i=0Ω
i(N,F ). As in [9, Section 3], operations on
the cross section N are indicated by a tilde. Let d˜F be natural exterior
differential on Ω(N,F ) with formal adjoint δ˜F . Set
∆˜ = d˜F δ˜F + δ˜F d˜F . (3.4)
From (3.2)-(3.4), it is a straightforward calculation to show that for
β = g(r)φ+ f(r)dr ∧ ψ ∈ Ωi(C(N), F ),
where φ ∈ Ωi(N,F ), and ψ ∈ Ωi−1(N,F ), one has (compare with [6, (6.2)])
∆β = (−g′′ − (m− 2i)r−1g′ )φ+ r−2g ∆˜φ− 2r−3g dr ∧ δ˜Fφ
+ (−f ′′ − (m− 2i+ 2)r−1f ′ + (m− 2i+ 2)r−2f ′′ ) dr ∧ ψ
+ r−2f dr∆˜ψ − 2r−1f d˜Fψ. (3.5)
We make the assumption that gTN can be lifted to a G-equivariant Rie-
mannian metric on Sm and F |N can be lifted to a G-equivariant trivial flat
bundle F on Sm such that the G-action is trivial along the fiber. Without
loss of generality, we may assume rkF = 1.
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For 0 ≤ i ≤ m, we choose an orthonormal basis {φij}
∞
j=1 of the space
ker δ˜F ∩Ωi(N,F ), such that
∆˜φij = µj(i)φ
i
j , with 0 ≤ µ1(i) ≤ µ2(i) ≤ · · · . (3.6)
We use the same simplified notations as in [9, (3.1)-(3.3)],
α(i) = 1+2i−m2 , νj(i) =
√
µj(i) + α2(i), a
±
j (i) = α(i) ± νj(i). (3.7)
We now proceed as in Cheeger [6, p. 289-291] to construct the Green
operators in various cases.
(I) For νj(i) > 0, set (cf. [6, (6.6)])
hµj (i)(r1, r2) =
1
2νj(i)
·
r
a+j (i)
1 r
a−j (i)
2 , r1 ≤ r2,
r
a−j (i)
1 r
a+j (i)
2 , r2 ≤ r1.
(3.8)
(II) For νj(i) = 0, which means m = 1, i = 0, j = 1, set (cf. [6, (6.7)])
hµ1(0)(r1, r2) =
{
− log r2, r1 ≤ r2,
− log r1, r2 ≤ r1.
(3.9)
Then the Green operator GFi (r1, y1, r2, y2) for co-closed i-forms, compactly
supported on C(N) and of the type g(r)φ(y) with φ(y) ∈ ker δ˜F ∩Ωi(N,F ),
is given by (cf. [6, (6.10)])
GFi (r1, y1, r2, y2) =
∞∑
j=1
hµj (i)(r1, r2)φ
i
j(y1)⊗ φ
i
j(y2). (3.10)
In order to obtain the Green operator for forms on C(0,1](N) which satisfy
either absolute boundary condition at {1}×N or relative boundary condition
at {1} ×N , one must modify GFi (r1, y1, r2, y2) as in [6, p. 290-291].
We first consider the case of absolute boundary condition.
(I) For νj(i) > 0,
(i) If µj(i) > 0, set (compare with [6, (6.11)])
ahµj(i)(r1, r2) = hµj (i)(r1, r2)−
a−j (i)
2νj(i) a
+
j (i)
(r1r2)
a+j (i). (3.11)
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(ii) If µj(i) = 0, then i = 0, j = 1, set (compare with [6, (6.17)])
ahµ1(0)(r1, r2) = hµ1(0)(r1, r2)+
1
2(r
2
1+r
2
2)+
(1+m)2
(1−m)(3+m) . (3.12)
(II) For νj(i) = 0, set (compare with [6, (6.20)])
ahµ1(0)(r1, r2) = hµ1(0)(r1, r2) +
1
2(r
2
1 + r
2
2)−
3
4 . (3.13)
Then the Green operator GFa,i(r1, y1, r2, y2) for co-closed i-forms on C(0,1](N)
with absolute boundary condition and of the type g(r)φ(y) is given by
GFa,i(r1, y1, r2, y2) =
∞∑
j=1
ahµj (i)(r1, r2)φ
i
j(y1)⊗ φ
i
j(y2). (3.14)
We now consider the case of relative boundary condition.
(I) For νj(i) > 0, set (compare with [6, (6.12)])
rhµj(i)(r1, r2) = hµj (i)(r1, r2)−
1
2νj(i)
(r1r2)
a+j (i). (3.15)
(II) For νj(i) = 0, set (compare with [6, (6.22)])
rhµ1(0)(r1, r2) = hµ1(0)(r1, r2). (3.16)
Then the Green operator GFr,i(r1, y1, r2, y2) for co-closed i-forms on C(0,1](N)
with relative boundary condition and of the type g(r)φ(y) is given by
GFr,i(r1, y1, r2, y2) =
∞∑
j=1
rhµj(i)(r1, r2)φ
i
j(y1)⊗ φ
i
j(y2). (3.17)
Now let d(x1, x2) denote the distance from x1 to x2 on C(0,1](N). Let
GFa,i(r1, y1, r2, y2) denote the full Green operator on Ω
i(C(0,1](N), F ) with
absolute boundary condition.
Theorem 3.1 (Compare with [6, Theorems 6.24, 6.43]) There exists a con-
stant C > 0 such that for x1 = (r1, y1), x2 = (r2, y2) ∈ C(0,1](N),
‖GFa,i(x1, x2)‖ ≤ C ·
{
1 + | log d(x1, x2)|, m = 1,
d1−m(x1, x2), m ≥ 2,
(3.18)
where by ‖ · ‖ we mean the pointwise norm on C(0,1](N). We will use this
notation in the remaining part without further notice.
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Proof Without loss of generality, we assume r1 ≤ r2.
We rewrite the co-exact part of (3.10) as follows (cf. [6, (6.25)]),
GFi (x1, x2) : =
1
2
(r1r2)
α(i)
∑
µj(i)>0
(r1/r2)
νj(i)
νj(i)
φij(y1)⊗ φ
i
j(y2)
=
1
2
(r1r2)
α(i)Pc˜e,i
elog(r1/r2)·(α
2(i)+∆˜)1/2
(α2(i) + ∆˜)1/2
,
(3.19)
where by Pc˜e,i we mean the orthogonal projection on δ˜FΩ
i+1(N,F ).
Observe that the pointwise norm of (3.19), viewed as a kernel on C(0,1](N),
is equal to the pointwise norm of (3.19) viewed as a kernel on N , multiplied
by (r1r2)
−i.
For the r1r2 ≥
1
2 case, using [6, Theorem 6.23(1)], one sees there exists a
constant C > 0 such that
‖GFi (x1, x2)‖ ≤ C(r1r2)
1−m
2
·
{
1 +
∣∣ log ( log2(r1/r2) + d2(y1, y2))∣∣, m = 1,
1 +
(
log2(r1/r2) + d
2(y1, y2)
) 1−m
2 , m ≥ 2,
(3.20)
where d(y1, y2) denote the distance from y1 to y2 on (N, g
TN ).
As in [6, (6.28)-(6.32)], one has
(r1r2)
1−m
2 ≤ 23(1−m)/2 d1−m(x1, x2), (3.21)
r1 r2
(
log2(r1/r2) + d
2(y1, y2)
)
≥
r1
r2
d2(x1, x2), (3.22)
log2(r1/r2) + d
2(y1, y2) ≥
1
r22
d2(x1, x2). (3.23)
From (3.20)-(3.23), one deduces that when r1r2 ≥
1
2 ,
‖GFi (x1, x2)‖ ≤ C ·
{
1 + | log d(x1, x2)|, m = 1,
d1−m(x1, x2), m ≥ 2.
(3.24)
For the r1r2 ≤
1
2 case, using Sobolev inequality, one knows the series (3.19),
viewed as a kernel on N , converges uniformly. Therefore,
‖GFi (x1, x2)‖ ≤ C(r1r2)
1−m
2 (r1/r2)
ν̂(i), with ν̂(i) = min
µj(i)>0
{νj(i)}. (3.25)
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From the fact that (cf. [6, (6.34)])
min
µj(i)>0
{µj(i)} ≥ (m− i)(i+ 1), (3.26)
one knows ν̂(i) ≥ m+12 . Thus,
‖GFi (x1, x2)‖ ≤ Cr1r
−m
2 ≤
1
2Cr
1−m
2 ≤ 2
m−2C d1−m(x1, x2). (3.27)
Now from (3.14), one sees
GFa,i(x1, x2) = G
F
i (x1, x2) + ahµ1(0)(r1, r2)φ
0
1(y1)⊗ φ
0
1(y2)
−
∑
µj(i)>0
a−j (i)
2νj(i) a
+
j (i)
(r1r2)
a+j (i)φij(y1)⊗ φ
i
j(y2) .
(3.28)
The last term in (3.28) is the same as the term in [6, (6.38)], so it satisfies
the required estimates. On the other hand, it is straightforward to show the
second term in (3.28) implies the required estimates. Thus, one has
‖GFa,i(x1, x2)‖ ≤ C ·
{
1 + | log d(x1, x2)|, m = 1,
d1−m(x1, x2), m ≥ 2.
(3.29)
A similar argument shows that GF
∗
r,i satisfies the estimates in (3.29). More-
over, with the help of [6, Theorem 6.23(2)], in the same way one can
show that dFx1G
F
a (x1, x2), d
F
x2G
F
a (x1, x2), d
F ∗
x1 G
F ∗
r (x1, x2), d
F ∗
x2 G
F ∗
r (x1, x2) are
bounded by d−m(x1, x2). Since
GFa,i = G
F
a,i + d
F
1 G
F
a,i−1 ◦ d
F
2 G
F
a,i−1 + (∗
F
1 )
−1GF
∗
r,m+1−i∗
F
2
+ (∗F1 )
−1dF
∗
1 G
F ∗
r,m−i ◦ d
F ∗
2 G
F ∗
r,m−i∗
F
2 ,
(3.30)
applying [6, Lemma 5.6], we complete the proof .
The main result of this subsection is the Sobolev estimates on C(0,1](N)
as follows.
Theorem 3.2 For n > m+14 , there exists a constant C(n) > 0 with the
following property. Let β ∈ Ωi(C(0,1](N), F ) such that ∆
jβ satisfies absolute
boundary condition for 0 ≤ j ≤ n. Then,
(i) If i 6= 0,
‖β‖ ≤ C(n)‖∆nβ‖L2(C(0,1](N)) . (3.31)
13
(ii) If i = 0,
‖β‖ ≤ C(n)
(
‖β‖L2(C(0,1](N)) + ‖∆
nβ‖L2(C(0,1](N))
)
. (3.32)
Here by ‖ · ‖L2(C(0,1](Np)) we mean the L
2 norm on the cone C(0,1](Np).
Proof If i 6= 0,
β(x1) = (G
F
a,i)
n(x1, x2)∆
nβ(x2). (3.33)
By [6, Lemma 5.6] and Theorem 3.1, the norm of (GFa,i)
n as a function of
x2 is finite provided n >
m+1
4 . Thus, applying the Schwartz inequality, one
gets (3.31).
If i 6= 0, the argument is the same expect for the fact that the harmonic
function must be split off and treated separately. We complete the proof.
3.2 Proof of the main result
Let (X, gTX ) be a Riemannian manifold of dimensionm+1 with isolated
conical singularities Σ. We assumem is odd, and (X, gTX ) carries an orbifold
structure. As pointed out in [1, p. 2], any orbifold has an atlas consisting
of linear charts. Thus, near each singularity p ∈ Σ, we may take the chart
of the form
(Gp ⊂ O(m+ 1), B
X(p, εp), B(0, εp)),
where BX(p, εp) is the open ball in X of center p and radius εp > 0, and
B(0, εp) is the open ball in R
m+1 of center 0 and radius εp. Furthermore,
the finite group Gp acts on B(0, εp)\{0} freely.
From our assumption, one knows each Np (p ∈ Σ) in (2.3) is given by
Sm/Gp, the quotient space induced from a free Gp action on S
m.
Let F be a flat real orbifold vector bundle over X with the flat con-
nection ∇F and an Euclidean metric gF . Using the identification (3.1)
near p ∈ Σ, one knows there exists a Gp-equivariant flat vector bundle
pip : (F˜p,∇
F˜p , gF˜p)→ B(0, εp) such that F
∣∣
BX(p,εp)
≃ F˜p/Gp. Since B(0, εp)
is contractible, F˜p is a trivial flat bundle.
We make the assumption that F is an honest vector bundle on X. Then
the Gp-action is trivial along the fiber under our trivialization. It is this
crucial fact that we use in the calculation of the cohomology of X with
F -coeffcients and that enables us to apply the result obtained in the last
subsection to get the estimate for the heat kernel Kc on X.
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The following theorem compares the L2-cohomology with the singular
cohomology.
Theorem 3.3 We have the isomorphisms as follows,
H i(2)(X;F ) ≃ H
i(X;F ), 0 ≤ i ≤ m+ 1. (3.34)
Moreover, we have the explicit identifications,
ker∆c,i ≃ ker∆o,i , 0 ≤ i ≤ m+ 1. (3.35)
Proof Since X has a good cover, using Mayer Vietoris sequence, it is
sufficient to show for p ∈ Σ and u > 0 small enough,
H i(2)(C
∗
(0,u](Np);F ) ≃ H
i(C∗(0,u](Np);F ), 0 ≤ i ≤ m+ 1. (3.36)
We have the following fact from [8],
H i(2)(C
∗
(0,u](Np);F ) ≃
{
H i(Np;F ), i ≤
m
2 ,
0, i ≥ m+12 .
(3.37)
On the other hand,
H i(Np;F ) ≃
(
H i(Sm; F˜p)
)Gp ≃ {F |{p}, i = 0, or i = m,
0, i 6= 0, and i 6= m.
(3.38)
Since C∗(0,u](Np) is contractible, (3.36) follows from (3.37) and (3.38).
Observe that for any element s ∈ ker∆o,i, s and d
F s are both L2 inte-
grable, hence s determines an element in ker∆c,i. From (2.10), (2.18) and
(3.34), one sees the injection from ker∆o,i to ker∆c,i gives the isomorphism
in (3.35).
Remark 3.4 One can verifies (3.35) directly. In fact, using the explicit ex-
pression of the harmonic forms on the cone in [6, 9], one finds the harmonic
element in ker∆c has removable singularities, so it lies in ker∆o by elliptic
regularity.
Theorem 3.5 Given T > 0, 0 < u0 ≤ 1, n ∈ N, and n >
m+1
4 , there exists
a constant C(T, u0, n) > 0 such that for 0 < u <
1
4u0, x ∈ Xu, y ∈ Xu0 , and
0 < t ≤ T ,
‖Kc(t, x, y)‖ ≤ C(T, u0, n) t
n. (3.39)
The same estimates hold for dFxKc(t, x, y) and δ
F
y Kc(t, x, y).
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Proof As explained in [6, p. 287], it suffices to prove the estimate holds
for Kc(t, x, y). We first establish the estimates for the heat kernel K̂p(t, x, y)
on the bounded cone C(0,1](Np).
Choose a parametrix Pn(t, x, y) of order n [6, p. 272] such that
Pn(0, x, y) = δy, and Pn(t, x, y) = 0, for x ∈ Xu, y ∈ Xu0 . (3.40)
Then there exists a constant C ′(T, u0, n) > 0 such that for j ∈ N, t ∈ (0, T ]∥∥∆j(K̂p(t, x, y) − Pn(t, x, y))∥∥L2(C(0,1](Np)) ≤ C ′(T, u0, n) tn, (3.41)
where by ‖ · ‖L2(C(0,1](Np)) we mean taking the pointwise norm with respect
to the x variable and the L2 norm with respect to the y variable with x, y
varying on the cone C(0,1](Np).
By (3.41) and the Sobolev inequality on the bounded cone, Theorem 3.2,
one sees for n > m+14 , there exists a constant C(T, u0, n) > 0 such that the
pointwise norm satisfies∥∥K̂p(t, x, y) − Pn(t, x, y)∥∥ ≤ C(T, u0, n) tn. (3.42)
In particular, from (3.42) one gets for x ∈ Xu, y ∈ Xu0 ,∥∥K̂p(t, x, y)∥∥ ≤ C(T, u0, n) tn. (3.43)
As explained in [6, p. 286], the same estimates hold for ∂
α
∂yα K̂p(t, x, y).
Let φ(r2) : [0, 1]→ [0, 1] be a smooth function such that
φ(r2) =
{
1, 0 ≤ r2 ≤
1
3u0,
0, 23u0 ≤ r2 ≤ 1.
(3.44)
Then as in [6, (7.7)], one has for j ∈ N,
‖∆jyKc(t, x, y)‖L2(Xu0 )
≤
∥∥∥∆jy(Kc(t, x, y) −∑
p∈Σ
φ(r2)K̂p(t, x, y)
)∥∥∥
L2(X\Σ)
≤
∑
p∈Σ
∫ t
0
∥∥∥∆jy(∂s +∆y)(φ(r2)K̂p(s, x, y))∥∥∥
L2(C(0,1](Np))
, (3.45)
where the norm ‖ · ‖L2 is the pointwise norm with respect to the x variable
and the L2 norm with respect to the y variable as in (3.41).
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In view of the estimates already established for ∂
α
∂yα K̂p(t, x, y), the esti-
mates forKc(t, x, y), d
F
xKc(t, x, y) and δ
F
y Kc(t, x, y) follow from the standard
Sobolev inequality (cf. [6, (5.7)]) applied with respect to the y variable.
We are now in a position to prove our main theorem which compares the
two heat kernels outside the singular points.
Theorem 3.6 For t > 0, x, y ∈ X\Σ, one has
Ko,i(t, x, y) = Kc,i(t, x, y), 0 ≤ i ≤ m+ 1. (3.46)
Proof Fix any T > 0, and we will show (3.46) holds for any t ∈ (0, T ].
For any u0 > 0 small enough fixed temporarily and x, y ∈ Xu0 , applying
the Duhamel principle [6, (3.9)] on Xu with 0 < u <
1
4u0, one gets
Kc,i(t, x, y)−Ko,i(t, x, y) =
∫ t
0
∫
∂Xu
〈
Ko,i(t− s, x, z) ∧ ∗
F dFKc,i(s, z, y)
〉
−
∫ t
0
∫
∂Xu
〈
∗F dFKo,i(t− s, x, z) ∧Kc,i(s, z, y)
〉
+
∫ t
0
∫
∂Xu
〈
δFKo,i(t− s, x, z) ∧ ∗
FKc,i(s, z, y)
〉
−
∫ t
0
∫
∂Xu
〈
∗F Ko,i(t− s, x, z) ∧ δ
FKc,i(s, z, y)
〉
, (3.47)
where on the right hand side all operations are applied to the variable z.
Using the uniform estimates in Theorems 2.2, 3.5, one sees as u→ 0,
Ko,i(t, x, y) = Kc,i(t, x, y) holds for x, y ∈ Xu0 . (3.48)
Since u0 > 0 can be taken arbitrarily small, (3.48) holds on X\Σ.
From Theorems 3.3, 3.6, one gets
Corollary 3.7 The two torsions are equal, i.e.,
Tc(X, g
TX , gF ) = To(X, g
TX , gF ). (3.49)
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